In the present paper we study the problem of constructing a family of surfaces (surface pencils) from a given curve in 4-dimensional Euclidean space E
Introduction
1 The problem of a constructing a family of surfaces from given curve is (i.e. surface pencils) important for differential geometry. In recent years surface pencils in E 3 was studied many paper with respect to the curves family. In 2004 Wang et al. studied the problem of constructing a surface family from a given spatial geodesic [12] . Further, Lie et al. derived the necessary and sufficient condition for a given curve to be the line of curvature on a surface [10] . However, Kasap et al. generalized the marching-scale functions given in [12] and gave a sufficient condition for a given curve to be a geodesic on a surface [7] . Recently, Bayram et al. extend the method given in [12] to derive the necessary and sufficient condition for a given curve to be both isoparametric and asymptotic on a parametric surface [2] . Also, Ergün et al. considered surface pencil with a common line of curvature in Minkowski 3-space [4] . In 2008, Zhao and Wang proposed a new method for designing developable surface by constructing a surface pencil passing through a given curve which is quite in accord with the practice in industry design and manufacture [13] .
In the present paper we extend the surface pencil in 4-dimensional Euclidean space E 4 . The object of study in this paper is to extend the correct parametric representation of the surface M for a given curve γ(s) in 4-dimensional Euclidean space E 4 . This paper consist of 3 sections. The first section is introduction. In the Section 2 we give some basic concepts of surfaces in E 4 which are used in the further sections of this paper. In Section 3, by utilizing the Frenet frame from differential geometry, we derive necessary and sufficient condition for the correct representation of the surface patch X(s, t), where the parameter s is the arc-length of the curve γ(s). The basis idea is to represent X(s, t) as a linear combination of the vector functions V 2 (s) and V 4 (s) which are the normal vector and second binormal vector of γ(s) respectively. The surface pencil which we consider in the present paper is parametrized by
where A(t) and B(t) are differentiable functions which are called marchingscale functions. Further, we have calculated the Gaussian, normal and mean curvature of this surface. However, we obtain some equations of the marchingscale functions A(t) and B(t) for the case M becomes a Vranceanu surface. Finally, we give some examples of flat surface pencils in E 4 given with the spacial marching-scale functions.
Basic Concepts
Let M be a smooth surface in E 4 given with the patch
In the chart (u, v) the coefficients of the first fundamental form of M are given by
where , is the Euclidean inner product. We assume that g = EG − F 2 = 0, i.e. the surface patch X(u, v) is regular.
Let χ(M ) and χ ⊥ (M ) be the space of the smooth vector fields tangent to M and the space of the smooth vector fields normal to M , respectively. Given any local vector fields X 1 , X 2 tangent to M consider the second fundamental map h :
This map is well-defined, symmetric and bilinear. For any arbitrary orthonormal frame field
This operator is bilinear, self-adjoint and satisfies the following equation:
where c k ij are the coefficients of the second fundamental form. The equation (3) is called Gaussian formula and
The Gaussian curvature and normal curvature of the surface M are given by
and 
respectively. Recall that a surface M is said to be flat (resp. has flat normal bundle) if its Gaussian curvature K (resp. normal curvature K N ) vanishes identically. Further, the mean curvature vector of the surface M is defined by
Recall that a surface M is said to be minimal if its mean curvature vector vanishes identically [3] .
Surface Pencils in E 4
Let γ = γ(s) : I → E 4 be a unit speed regular curve in Euclidean 4-space E 4 . The corresponding Frenet formulas have the following form:
is the Frenet frame field and κ 1 , κ 2 and κ 3 are the Frenet curvatures of γ(s). If the Frenet curvatures are constant then γ(s) is called W-curve [8] .
Let M be a local surface given with the regular patch
where, A = A(t), and B = B(t) are smooth functions, defined in J ⊂ R and satisfying
For the sake of simplicity let us denote;
This surface is one-parameter family of plane curves α(t) = (A(t), B(t)) lying in the normal plane span {V 2 (s) [6] and see also [1] .
We prove the following result.
Proposition 1 Let M be a pencil surface given by the parametrization (1). Then the Gaussian curvature of M is
(12) where a(s, t) and b(s, t) are smooth functions defined in (11).
Proof. The tangent space of M is spanned by the vector fields
Hence, the coefficients of the first fundamental form of the surface are
where , is the standard scalar product in E 4 . The second partial derivatives of X(s, t) are expressed as follows
Further, the normal space of M is spanned by the vector fields
Using (5), (14) and (15) we can calculate the coefficients of the second fundamental form as follows:
With the help of (7) and (16), we obtain the Gaussian curvature given with the equation (12) . An easy consequence of Proposition 1 is the following.
Corollary 2 Let M be a pencil surface given by the parametrization (1). If
hold then M has vanishing Gaussian curvature.
Proposition 3 Let M be a pencil surface given by the parametrization (1).Then the mean curvature of M is
Proof. Substituting (13) and (16) into (9) we get
(19) The norm of the mean curvature vector (19) gives (18).
Proposition 4 Let M be a pencil surface given by the parametrization (1). Then the normal curvature of M is
Proof. Substituting (13) and (16) into (8) we get the result. Now, we consider some special cases of surface pencils. Case I: Let M be a pencil surface given with the W -curve γ(s) = (a cos cs, a sin cs, b cos ds, b sin ds)
as generator. Then M becomes a generalized rotation surface of the form X(s, t) = (f (t) cos cs, f (t) sin cs, g(t) cos ds, g(t) sin ds)
where
(see, [6] ). For the case f (t) = r(t) cos t, g(t) = r(t) sin t and c = d = 1 the generalized rotation surface M is called Vranceanu surface [11] . Furthermore, For the case f (t) = cos t, g(t) = sin t and c ∈ R + , d = 1 the generalized rotation surface M is called Lawson surface [9] .
Proposition 5 For the marching-scale functions
the pencil surface M ⊂ E 4 becomes a Vranceanu surface.
Proof. Let M be a pencil surface given by the parametrization (1). Substituting f (t) = r(t) cos t, g(t) = r(t) sin t and c = d = 1 into (22) we get the result.
Corollary 6 Let M be a pencil surface given by the parametrization (1) . If the smooth functions A(t) and B(t) are given by
then M becomes a flat Vranceanu surface in E 4 .
Case II: Suppose M is a pencil surface given with the marching-scale functions A(t) = B(t) = t.
A standard ruled surface M in a 4-dimensional Euclidean space E 4 is defined by
is the unit vector in E 4 and V i (s) the Frenet vector of the unit speed curve γ(s) [5] .
By the use of (23)- (24) with (1) we get the following result.
Corollary 7 Let M be generalized standard ruled surface given with the parametrization
Then M is a pencil surface with the marching scale functions A(t) = B(t) = t.
Corollary 8 Let M be a pencil surface given with the parametrization (25). Then the Gaussian and normal curvatures of M are given by
and
respectively.
As a consequence of Corollary 8 we obtain the following result.
Corollary 9
If κ 2 = κ 3 then generalized standard ruled surface given with the parametrization (25) is a flat surface with flat normal bundle.
Case III: Suppose M is a pencil surface given the parametrization
then we obtain the following result.
Proposition 10 Let M be a pencil surface given with the parametrization (26). If M is a flat surface satisfying (17) then one of the following case is occurs; i) The profile curve γ(s) is a planar and r(t) = 1 c 1 sin t − c 2 cos t .
ii) The profile curve γ(s) ⊂ E 4 has curvatures κ 1 , κ 2 and κ 3 with κ 3 (s) = c 1 κ 2 (s) c 2 + κ 1 (s) and r(t) = 1 c 1 sin t − c 2 cos t .
iii) The profile curve γ(s) is a circle and r(t) = − 1 c 1 sin t − c 2 cos t .
iv) The profile curve γ(s) has constant first curvature κ 1 (s) = 1 c 1 and r(t) = c 1 cos t .
Here c 1 and c 2 are real constants.
Proof. Let M be a pencil surface given with the parametrization (26). Then substituting (26) into the (17) we get the following system of differential equations 2(r ′ ) 2 − rr ′′ + r 2 = 0, κ 1 κ 3 r 2 + (r ′ κ 2 − rκ 3 ) cos t − (r ′ κ 3 + rκ 2 ) sin t = 0.
Solving this system of equations with the help of Maple programme we get the required results.
